NEW TECHNIQUES FOR POINTED HOPE ALGEBRAS 



NICOLAS ANDRUSKIEWITSCH AND FERNANDO FANTINO 

Abstract. We present techniques that allow to decide that the dimen- 
sion of some pointed Hopf algebras associated with non-abelian groups 
is infinite. These results are consequences of |AHS] . We illustrate each 
technique with applications. 

Dedicado a Isabel Dotti y Roberto Miatello en su sexagesimo cumpleanos. 

Introduction 

0.1. Let G be a finite group and let ^^^D be the category of Yetter- 
Drinfeld modules over CG. The most delicate of the questions raised by 
the Lifting Method for the classification of finite-dimensional pointed Hopf 
algebras H with G{H) ~ G (MUESH], is the following: 

Given V € ^^yi), decide when the Nichols algebra '^{V) is 
finite- dimensional. 

Recall that a Yetter-Drinfeld module over the group algebra CG (or over 
G for short) is a left CG-module and left CG-comodule M satisfying the 
compatibility condition 5{g.m) = ghg~^ (8) g-m, for all m G M/^, g,h G G. 
The list of all objects in ^^yCD is known: any such is completely reducible, 
and the class of irreducible ones is parameterized by pairs (0, p), where is 
a conjugacy class in G and p is an irreducible representation of the isotropy 
group G** of a fixed s € 0. We denote the corresponding Yetter-Drinfeld 
module by M(0,p). 

In fact, our present knowledge of Nichols algebras is still preliminary. 
However, an important remark is that the Nichols algebra 53 (y) depends (as 
algebra and coalgebra) just on the underlying braided vector space {V, c)- 
see for example |AS3j . This observation allows to go back and forth be- 
tween braided vector spaces and Yetter-Drinfeld modules. Indeed, the same 
braided vector space could be realized as a Yetter-Drinfeld module over dif- 
ferent groups, and even in different ways over the same group, or not at 
all. The braided vector spaces that do appear as Yetter-Drinfeld modules 
over some finite group are those coming from racks and 2-cocycles |AG| . 
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Thus, a comprehensive approach to the question above would be to solve 
the following: 

Given a braided vector space (V, c) determined by a rack and 
a 2-cocycle, decide when dim!B(y) < oo. 

But at the present moment and with the exception of the diagonal case 
mentioned below, we know explicitly very few Nichols algebras of braided 
vector spaces determined by racks and 2-cocycles; see (FKllMSl lGT j lAGl G2]. 

0.2. The braided vector spaces that appear as Yetter-Drinfeld modules over 
some finite abelian group are the diagonal braided vector spaces. This leads 
to the following question: Given a braided vector space {V, c) of diagonal 
type, decide when the Nichols algebra is finite- dimensional. The full 

answer to this problem was given in |H2j , see \AS2\ IHlj for braided vector 
spaces of Cartan type- and |AS4j for applications. These results on Nichols 
algebras of braided vector spaces of diagonal type were in turn used for 
more general pointed Hopf algebras. Let us fix a non-abelian finite group 
G and let V G ^^^yi) irreducible. If the underlying braided vector space 
contains a braided vector subspace of diagonal type, whose Nichols algebra 
has infinite dimension, then dim*B(y) = oo. In turns out that, for several 
finite groups considered so far, many Nichols algebras of irreducible Yetter- 
Drinfeld modules have infinite dimension; and there are short lists of those 
not attainable by this method. See [GH EH I^FTI [XF21IFGV] . 

0.3. An approach of a different nature, inspired by [Hlj . was presented in 
|AHS| . Let us consider V = Vi® ■■■ ®Ve € CG^^' where the ViS are 
irreducible. Then the Nichols algebra of V is studied, under the assumption 
that the 5B(T^) are known and finite-dimensional, 1 < i < 9. Under some 
circumstances, there is a Coxeter group W attached to V , so that ^iV) 
finite-dimensional implies W finite. Although the picture is not yet complete, 
the previous result implies that, for a few G- explicitly, S3, S4, D^- the 
Nichols algebras of some V have infinite dimension. These applications rely 
on the lists mentioned at the end of 10.21 

0.4. The purpose of the present paper is to apply the results in 10.31 to 
discard more irreducible Yetter-Drinfeld modules. Namely, let y = ViffiV2 S 
^fyXi, where T = S3, S4 or B„, such that dim«B(y) = 00 by [AHSl Section 
4]. Then there is a rack (X, >) and a cocycle q such that iy,c) ~ (CX, Cq). 
Let G be a finite group, let be a conjugacy class in G, s G 0, p S and 
M(0,p) G cG^-^ irreducible Yetter-Drinfeld module corresponding to 
(0,p). We give conditions on (0,p) such that M{0,p) contains a braided 
vector subspace isomorphic to (CX, Cq); thus, necessarily, dim!B(0,p) = 00. 
We illustrate these new techniques with several examples; see in particular 
Example 13.91 for one that can not be treated via abelian subracks. 
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0.5. The facts glossed in the previous points strengthen our determination 
to consider famihes of finite groups, in order to discard those irreducible 
Yetter-Drinfeld modules over them with infinite-dimensional Nichols algebra 
by the 'subrack method'. Natural candidates are the families of simple 
groups, or closely related; cf. the classification of simple racks in |AG| . The 
case of symmetric and alternating groups is treated in \AZ\ lAFll IAF2^ IAFZ| ; 
Mathieu groups in [Flj : other sporadic groups in [AFGVj : some finite groups 
of Lie type with rank one in [FGVllFV] . Particularly, a hst of only 9 types 
of pairs {0,p) for Sm whose Nichols algebras might be finite-dimensional is 
given in [AFZj : an analogous list of 7 pairs out of 1137 (for all 5 Mathieu 
simple groups) is given in |Flj : the sporadic groups Ji, J2, J3, He and Suz 
are shown to admit no non-trivial pointed finite-dimensional Hopf algebra 
in [AFGVj . Our new techniques are crucial for these results. 

0.6. If for some finite group G there is at most one irreducible Yetter- 
Drinfeld module V with finite-dimensional Nichols algebra, then [AHSl Th. 
4.2] can be applied again. If the conclusion is that dim*B(y (B V) = 00, 
then we can build a new rack together with a 2-cocycle realizing V (BV, and 
investigate when a conjugacy class in another group G' contains this rack, 
and so on. 

1. Notations and conventions 
The base field is C (the complex numbers). 

1.1. Braided vector spaces. A braided vector space is a pair {V, c), where 
y is a vector space and c : V <SiV ^ V is a linear isomorphism such that 
c satisfies the braid equation: (c (8) id) (id igic) (c ® id) = (id (8>c) (c id) (id (8>c) . 

Let V he a vector space with a basis (fi)i<j<e, let {<lij)i<i,j<e be a matrix 
of non-zero scalars and let c : V ®V ^ V (^V he given by c{vi Vj) = 
QijVj <Si Vi. Then (V, c) is a braided vector space, called of diagonal type. 

Examples of braided vector spaces come from racks. A rack is a pair 
(X, i>) where X is a non-empty set and o:XxX— >Xisa function- called 
the multiplication, such that : X — > X, (^^{j) := ic>j, is a bijection for all 
i € X, and 

(1.1) i> {j > k) = {i t> j) t> (i t> A;) for all i, j, k £ X. 

For instance, a group G is a rack with x>y = xyx~^. In this case, j>i = i 
whenever i > j = j and i> i = i for all i £ G. We are mainly interested in 
subracks of G, e. g. in conjugacy classes in G. 

Let {X,>) be a rack. A function q : X x X — > is a 2-cocycle if 
<li,j>k qj,k = Qi>j,i>k qi,k, for all i, j, k £ X. Then (CX, Cq) is a braided vector 
space, where CX is the vector space with basis e^, k £ X, and the braiding 
is given by 

Cq{ek (8) ei) = qk,i euu ® e^, for all k,l £ X. 
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A subrack T of X is abelian k> I = I for all k,l & T. If T is an abelian 
subrack of X, then CT is a braided vector subspace of (CX, Cq) of diagonal 
type. 

Definition 1.1. Let X be a rack. Let Xi and X2 be two disjoint copies 
of X, together with bijections ipi : X ^ Xj, i = 1,2. The square of X 
is the rack with underlying set the disjoint union Xi ]J X2 and with rack 
multiplication 

ipi{x)t>Lpj{y) = ipj{x>y), 

x,y E X , 1 < i, j < 2. We denote the square of X by This IS a 

particular case of an amalgamated sum of racks, see e. g. |AGj . 

1.2. Yetter-Drinfeld modules. We shall use the notation given in [AFlj . 
Let G be a finite group. We denote by \g\ the order of an element g G G; 
and by G the set of isomorphism classes of irreducible representations of G. 
We shall often denote a representant of a class in G with the same symbol 
as the class itself. 

Here is an explicit description of the irreducible Yetter-Drinfeld module 
M(0, p). Let ti = s, . . . , tjvf be a numeration of and let gi & G such that 
git> s = ti for all 1 < i < M. Then M(0, p) = Bi<i<M Qi ® V, where V is 
the vector space affording the representation p. Let giV := gi®v € M(0,p), 
I < i < M, V G V. If ^; G y and 1 < i < M, then the action of g G G 
is given by g ■ {giv) = (7^(7 • u), where ggi = 5^-7, for some 1 < j < M and 
7 € G'^, and the coaction is given by 6{giv) = ti (8 giV. Then M{(D,p) is a 
braided vector space with braiding c{giV (8) g'jit;) = gnij ■ w) giV, for any 
1 ^ -^^7 v,w £ V, where tigj = g^^ for unique h, 1 < h < M and 

7 € G'^. Since s £ Z{G^), the center of G^, the Schur Lemma implies that 

(1.2) s acts by a scalar on V- 

Lemma 1.2. If U is a subspace of W such that c{U ®U) = U®U and 
dim<B([/) = 00, then dim<B(Ty) = 00. □ 

Lemma 1.3. [AZl Lemma 2.2] Assume that s is real (i. e. £ 0). If 

dim*B(0,/3) < 00, then Qss = —1 and s has even order. □ 

Let a G §m be a product of nj disjoint cycles of length j, 1 < j < m. 
Then the type of a is the symbol (l"^^ ,2"^ , . . . ,m^"^). We may omit j"^ 
when Hj = 0. The conjugacy class 0^ of a coincides with the set of all 
permutations in with the same type as a; we may use the type as a 
subscript of a conjugacy class as well. If some emphasis is needed, we add 
a superscript m to indicate that we are taking conjugacy classes in S^, hke 
0"' for the conjugacy class of j-cycles in 
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2. A TECHNIQUE FROM THE DIHEDRAL GROUP D„, n ODD 

Let n > 1 be an odd integer. Let be the dihedral group of order 2n, 
generated by x and y with defining relations = e = and xyx = y~^. Let 
Ox be the conjugacy class of x and let sgn G be the sign representation 
(B^ = (x) ~ Z2). The goal of this Section is to apply the next result, cf. 
[CTSl Th. 4.8], or [AHSl Th. 4.5] for n = 3. 

Theorem 2.1. The Nichols algebra <B(M(Oj;, sgn) M{(Dx, sgn)) has infi- 
nite dimension. □ 

Note that M{Ox,sgn) © M(0^.,sgn) is isomorphic as a braided vector 
space to {CXn,c\), where 

• Xn is the rack with 2n elements Sj, tj, i,j € Z/n, and with structure 

Si>Sj = S2i-j, Si>tj = t2i-j, tii>Sj = S2i-j, ti>tj = t2i-j, i,j G Z/n; 

• q is the constant cocycle q = — 1. 

If d divides n, then can be identified with a subrack of Xn- Hence, it 
is enough to consider braided vector spaces {CXp, q), with p an odd prime. 

We fix a finite group G with the rack structure given by conjugation 
xt>y = xyx~^, X, y ^ G. Let be a conjugacy class in G. 

Definition 2.2. Let p > 1 be an integer. A family {fJ-i)i£z/p of distinct 
elements of G is of type T)p if 

(2.1) fJ-i>fJ-j = t^2i-j, i,j G Z/p. 

Let {lJ'i)i£z/p ™d {i^i)i^z/p be two families of type Dp in G, such that fii ^ Vj 

(2) 

for all i,j G Z/p. Then {fi, v) := {ni)i(zz/p U (z^^igz/p is of type V}, if 

(2.2) Uj = 1^21- j, n iij = H2i-j, i,j G Z/p. 

It is useful to denote i> j = 2i — j, for i,j G Z/p. 

We state some consequences of this definition for further use. 

Remark 2.3. If {fJ'i)i^z/p is of type T>p then 

(2.3) fl^^ > flj = H2i-j , Hi>flJ^ = fl2i~j , fl~^> IX~^ = /i2i-j , 

(2.4) ^i'l > /ij = ^l2^-j , Hi > fi'^j = fi^i_j , > Ijf^ = fi^i_j , 

for all i,j G Z/p, and for all k odd. 

Remark 2.4. Assume that p is odd. If {fi, u) = {fJ'i)i^z/p U {^i)i&'L/p is of type 
(2) 

Dp , then for all i, j, 

(2.5) i4 = h], = u], H^iUj = Ujfi^i, uffij = fijuf. 
Indeed, filfij = hence mI/i-j = IJ'hP^']^^ = /"|- Take now h = 
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(2) 

Lemma 2.5. // (/x, u) = U (i^i)igz/p is of type T>\, ' , then 

(i) /^fcW = fJ't{i~k)+k fJ-t{i~k)+h 

(ii) fJ'k'^l = fJ'2t(l-k)+k ^2t(l-k)+U 

(hi) ^kUi = U^2t+l){l-k)+k fJ-{2t+l){l-k)+h 

for all k, I, t (z Z/p. 

Notice that we have the analogous relations interchanging fi hy u. 

Proof. We proceed by induction on t. We will prove (i); (ii) and (hi) are 
similar. The result is obvious when t = 0. Since fikfJ-i = /^jofe, then the 
result holds for t = 1. Let us suppose that (i) holds for every s < t. Now, 

A^fcW = fJ't{l-k)+k l^t{l-k)+l 

= f^t{l-k)+l l^{t{l~k)+l)>{t{l-k)+k) = f^{t+l){l~k)+k l^{t+l){l-k)+l 

by the recursive hypothesis. □ 
Lemma 2.6. Assume thatp is odd. If{fJ,, v) is of type Tip , then fori G '^/p, 

(2.6) fiiUi = iiqUq, 

(2.7) Villi = vofiQ. 

Proof. Let i, j G I'/p, with i ^ j. If we write (ii) of Lemma 12.51 with k = i, 
I = j and t = —1/2 we have that fiiVj = ^2i-j^i- Thus, fiiViVj = ^iVjVjUi = 
fi2i-j'^m'^2i~j = ki-2i~ji'2i~jVi, and, by ([231), 

= l^2i-j^2i~i- 

Now ([22]) follows taking j = 2i. Now ([2J|) follows from by □ 

We now set up some notation that will be used in the rest of this section. 
Let (/ii)iez/p be a family of type Dp in G, with p odd. Set 

(2.8) Qi = fIi/2, 

(2-9) aij = gg] gj = m fij/2, 

for all i,j G Z/p. Then 

gi>Ho = fii, aijeG^°, i,jeZ/p. 

(2) 

Let now (^u, z/) be of type Vp and suppose that there exists goo G G such 
that goo > l-iQ = ■ Set 



(2-10) fi = i^i/2 9oo, 

(2-11) Pij = fg] l-H fj = 9^^ '^~}j/2 l^i ^j72 9oo, 
(2.12) = g^Jj Vi gj = ^7^.^^ Hj/2, 

(2-13) Sij = f-] Vi fj = fi--^ u-}-!^ n Vji2 goo ■ 
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Then 

fi>Ho = i^i, (3ij, -fij, 6ij eG^°, i,j e Z/p. 

We assume from now on that p is an odd prime. This is required in the 
proof of the next lemma, needed for the main result of the section. 

(2) 

Lemma 2.7. Let {fi, u) = {fJ,i)i(zz/p U {i^i)i(zz/p be of type V}, ' , and suppose 
that there exists Qoo G G such that g^c f> fiQ = uq. Let gi and fi he as in (j2.8p 
and (|2.10p . respectively. Then, for all i,j S Z/p, 

(a) aij = 6ij = fiQ, 

(b) Pij = c/^VoS-oo, 

(c) 7jj- = fo- 

Proof. Let k, I be in Z/p. Then, for all r G Z/p, we have 

(2.14) ^fc/i; = fii^^rfJ-l+r, pk^l = IJ^k+r^l+r, pk^l = ^k+rPl+r- 

This follows from (j2.5p and Lemma [2.6l (when k = I), and Lemma [23] (when 
k I). There are similar equalities interchanging /i's and i^'s. Now 

(^ij = 9oo ^j72 ^oo = 5oo ^0 9oo = PO, 

Pij = 9 CO ^i^j /2 /^i ^i/2 9oo = 9oo ^0 ^oo, 

and the Lemma is proved. □ 
We can now prove one of the main results of this paper. 

Theorem 2.8. Let (/-f,i^) = {l-H)iez/p U (^«)«gz/p be a family of elements in 
G with /^o G 0- Let {p,V) he an irreducible representation of the centralizer 
QP-o_ We assume that 

(HI) {p,u) is oftypeV^p^ 

(H2) {p, ly) Q 0, with goo S G such that g^o > po = fo/ 
(H3) g^o^o = -1; 

(H4) there exist v,w G V — such that, 

(2.15) p{9^ fJ'09oo)w = -w, 

(2.16) p{uo)v = -v. 

Then dim?B(0,p) = oo. 
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Proof. We keep the notation (f2J0]) - (f233]) above. Let v,w e V -0 as in (H4) 
and let W := span-{giV : i G Z/p} U {fiW : i G Z/p}. Let : CXp ^ W he 
given by "^{si) = giV, ^(tj) = fiW, i G Z/p. Since the elements fj-i and i^j 
are all different, ^' is a linear isomorphism. We claim that is a braided 
vector subspace of M(0, p) and that ^ is an isomorphism of braided vector 
spaces. We compute the braiding in W: 

, X (H3) 

c[9iV gjv) = fiigjv (g) giV = gipjttijV (g) giV = -gipjV ® giV, 
c{giV (g) fjw) = fJ-ifjW (g) giV = f»j(3ijw (g giV -fi^jW ® giV, 
c{fiW (g gjv) = VigjV (g fiW = gi^j'jijV 'S' fiW -giojV (g fiW, 

(H3) 

cifiW (g) fjW) = UifjW ig) fiW = fit,jSijW (g fiW = -fiojW (g fiW, 

by Lemma 12.71 The claim is proved. Hence, dim*B(VF) = oo by Theorem 
12. 1[ Now the Theorem follows from Lemma 11.21 □ 

As a consequence of Theorem 12.81 we can state a very useful criterion. 

Corollary 2.9. Let G be a finite group, fii, < i < p — 1, distinct elements 
in G, with p an odd prime. Let us suppose that there exists k (z Z such that 
7^ ^0 o-'fT'd fJ-o G 0, the conjugacy class of fiQ. Let p = {p,V) G C^o. 
Assume further that 

(i) {l-k)iGZ/p is of type Vp, 

(ii) Qi^ow = -1- 
Then dim*B(0,p) = oo. 

Proof. We may assume that 1 < k < \po\. By hypothesis (ii), the order of po 
is even; hence k is odd, say k = 2t+l, with t > 1. Let Ui := p^, < z < p—1, 
and pick goo & G such that ^oo > = ^o- Set {p, u) = {pi)i(zi/p U (fj)igz/p- 
Clearly {p,v) C 0. We claim that {p^u) is of type Dp . Indeed, using (i) 
it is easy to see that {pi)i(=.z/p U {vi)i£'i/p ^I's all distinct. Then the claim 
follows by ([231). 

It remains to check the hypothesis (H4) of Theorem 12.81 As goolJ-o9^ = 
A^O' ffoo/^offcx)' — /^o'' / > 0. In particular, 

yoo MOi/oo — t/oo POi/oo — H-0 

Then, since q'^o/^o — ~^ ^^'^ ^ odd, we see that p{g^ Podoo) = — id- Hence 
(|2l5]) holds, for any u- G y - 0. Also, p(z^o) = pifJ'o) = (-id)'' = -id, 
because k is odd; thus, (j2.16|) holds for any ?; G ^ — 0. Thus, for any v, w in 
V — 0, we are in the conditions of Theorem 12.81 Then dim 55(0, p) = oo. □ 
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Example 2.10. Let m > 6. Let a e S,„ of type 2"2, . . . , m""), the 
conjugacy class of a and p G Sf^. If there exists j, I < j < m, such that 

• 2p divides j, for some odd prime p, and 

• nj > 1; 

then dim 53(0, p) = oo. 

Before proving the Example, we state a more general Lemma that might 
be of independent interest. Here p is no longer an odd prime. 

Lemma 2.11. Let m,p £ Z^i. Let a e Sm of type 2"^^ . . . ^ rri"'") and 
the conjugacy class of a. If there exists j 7^ 4, 1 < j < m, such that 

• 2p divides j, and 

• nj > 1; 

(2) 

then contains a subrack of type T)p . 

Proof. Let j = 2p k, with k > 1. Let a = {iii2 ■■■ ij) be a j-cycle that 
appears in the decomposition of a as product of disjoint cycles and define 

I := (ii is is • • • and P := {12 i^ie ■ ■ ■ ij)- 

We claim that 

(a) I and P are disjoint pK-cycles, 

(b) a2 = IP, 

(c) ala~^ = P, (and then ala~^ = P), 

(d) P*aP* = a^t+i^ P*a-ip* = a^*"!, for ah integers t. 

The first two items are clear, while (c) follows from the well-known formula 
a{h h ■■■ k)a~^ = {a{h) aih) ■ • • a{lk)). (d). By (c), P* = aPa'^. Then 
P*aP* = aI*P*; by (b), P*aP* = aa^*, as claimed. 
We define 

(2.17) o-i := P^'^aP"^'', < i < p - I. 

Notice that cTj = P^'^aP"'"' a, where a := a^^a. The elements {<Ti)i^z/p 
are all distinct; indeed, if = u/, with i, I G Z/p, then p««o-p-««^ = 
p^K^p-^K^ i. e. p{^-i)i^0-p-(^-i)i^ = (J, which implies that ^2 = o-(n) = 
p(i-0«^p-(i-0«(i^) = p{'-0«(j2) = i2(i-iy+2, and this means that 2(i - 
1)k = in Z/j. Thus z = /, as desired. 
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We claim that (o"j)jg2/p is of type Dp. If / G Z/p, then 

= P*''aP-*'' P^'^aP"''" P*''a~^P"*'" a 

_ p(2i-/)K p{l~-i)K ^ p{l~i)K ^ p(i~l)K ^-1 p(i-/)K p-(2i-0«: g: 

^ p(2i-/)K ^2(/-i)«:+l ^^2(i-/)K-l p-(2i-/)K ~ 

= p(2i-/)K^p-{2i-0K 5: ^ p{2i-0^c^p-(2i-/)K ^ ^.^^^ 

by (d), and the claim follows. Finally, the family of type Dp we are looking 
for is ('7j)iGZ/pU((Tj~"^)jg2/p. It remains to show that at 7^ crf^ for all t, I G Zp. 
If at = crf^, then = af'^{ii), that is is = ij-i, a contradiction to the 

hypothesis j 7^ 4. □ 

Proof of the Example \2.1(K We may assume that q^cj = —1, by Lemma [L3l 
By Lemma I2.IH we have a family {ai)i^^/p of type Dp, with ao = a. Now 
Cor ollarv 12 . 9 1 applies . with /io = cq, A; = |(To| — 1. Thus dim *B(0, p) = 00. □ 

3. A TECHNIQUE FROM THE SYMMETRIC GROUP §3 

We study separately the case p = 3 because of the many applications 
found. In this setting, D3 ~ S3 and 0^ = 0| = {(12), (2 3), (13)} is the 
conjugacy class of transpositions in S3. The rack X3 is described as a set of 
6 elements X3 = {a^i, 2:2, 2:3, ?/i, 2/2, 2/3} with the multiplication 

Xi>Xj=Xk, yi>yj=yk, Xi>yj = yk, yi>Xj=Xk, 
for i, j, k, all distinct or all equal. 

(2) 

3.1. Families of type D3 and D^ . We fix a finite group G and a 
conjugacy class in G. Our aim is to give criteria to detect when contains 
a subrack isomorphic to X3. 

Definition 3.1. Let ai, (72, (T3 G G distinct. We say that ((Tj)i<j<3 is of 
type D3 if 

(3.1) ai> aj = ak, where i, j, k are all distinct. 

The requirement (j3.ip consists of 6 identities, but actually 3 are enough. 
Remark 3.2. If 

(3.2) fji C>(T2 = 0-3, 

(3.3) fji XT3 = 0-2, 

(3.4) a2>a3 = ai, 

then (<Ti)i<i<3 is of type D3. □ 
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Here is a characterization of Ds families. 

Proposition 3.3. Let ai, € 0- Define 173 := a\ x>a2- Then (crj)i<j<3 is 
of type D3 if and only if 

(3.5) ai^G''^ 

(3.6) aleG''\ 

(3.7) O"! = (T2 > ((Tl > (12). 



Proof. The definition of 1T3 is equivalent to (j3.2p and (j3.7p is equivalent to 
(j3.4p . Assume that ((Tj)i<j<3 is of type D3. As 0-3 ^ a2, o\ ^ G""^ . Also, 

(7^ I>(72 = O"! > (fJi t> (T2) = O"! (73 = (72 . Hence (7^ € G""^ . 

Conversely, if a\ , then (7i 7^ cr2 , (72 7^ 0-3 . From (j3.5p and (|3.7p , we 
see that (7i 7^ (73 . It remains to check ()3.3p : cri > 173 = > (72 = (72 . □ 

Definition 3.4. Let (7i, cj2, (73, ri, r2, r3 G G be distinct elements. We say 
that (a,r) = (cti, 0-2, 0-3, n, T2, rs) is of type % if ((7j)i<j<3 and (Tj)i<j<3 
are of type 1)3, and 

(3.8) (7i > Tj = Tfc, Ti > (7j = 

where i, j, A; are either all equal, or all distinct. 

The requirement (|3.8p consists of 18 identities, but less are enough. We 
begin by a first reduction. 

Lemma 3.5. Let ((7j)i<j<3 and {ji)\<j<z such that (13. 2p . ()3.3p . (13. 4p /loW 
/or o" and /or r. /f 

(3.9) crit>ri=Ti, 

(3.10) ai>r2 = T3, 

(3.11) 0-2l>ri=T3, 

a/so /lo/c/, t/ien (7ii>Tj = Ti, 1 < i < 3, and ai>Tj = t^, for all i, j, k distinct. 

Proof. We have to prove 

(3.12) ai>r3=T2, 

(3.13) a3>T3 = T3, 

(3.14) <72 [>r2 = T2, 

(3.15) fj3l>ri=T2, 

(3.16) Cr3>T2 = Ti, 

(3.17) fj2i>r3 = Ti, 
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The identity ()3.12p holds because cJi > T3 = ui i> (ti > T2) = ti > T3 = T2; in 
turn, (I3.13|) and (13. 14^ hold because 

I> T3 = (0-2 > O-l) I> (0-2 > n) =0-2 (ai n) = (72 > Ti = T3, 
(72 I> r2 = (di > (T3) > (cJi > Ts) = CTi > ((T3 I> Ts) = (Ji > T3 = T2. 

Also, (T3 I> Tl = (fJi I> (T2) I> ((Ti > Ti) = fJl I> ((72 > Ti) = (Tl I> T3 = T2, showiug 

(|3.15p . Finally, cr3t>T2 = a3>{ai>T3) = a2>i(7s>T3) = a2>T3 = a2>iTi>T2) = 
Tg > T2 = Tl, proving (|3T6]) and (IXT71) . □ 

Therefore, given 6 distinct elements cJi, (T2, (T3, ti, r2, r3 G G, if the 12 
identities: for a and for r, ([33]), ([XTU]) . (Hm]) . and the 

analogous identities 

(3.18) Tl > ai = cTi, 

(3.19) Ti>a2=(T3, 

(3.20) T2>ai=a3, 

hold, then {a, r) is of type . But we can get rid of 3 of these 12 identities. 

Proposition 3.6. Let a\, 02, <73, t\, T2, T3 S G, all distinct, such that 
(j3.2p . (13. 3p . (13. 4p . hold for a and for t, as well as the identities (j3.9p . (j3.1ip 
and (I3T9]) . T/ien (a,r) is of type 0)^^ 

Proo/. By Lemma ESI it is enough to check (IXTIl . (f3J8]) and ([320]). First, 
()3.18p holds because ri = ai> ti = aiTia^^ . If ti acts on both sides of 
(j3.1ip . then T2 = tiOts = (ti IXJ2) > (ti ori) = as>Ti; if now ai acts on the 
last, then 

(Tl > r2 = (fJl (T3) ((Tl Tl) = (72 > Tl = T3. 

Thus, p.lOp holds. We can now conclude from Lemma 13.51 that (Tj OTj = Tj, 
1 < i < 3, and ai > Tj = r^, for all i, j. A; distinct. If now (T3 acts on (13.19p . 
then (T3 = ((T3 i> Tl) ((73 > (T2) = T2 > (Tl, and (j3.20p holds. □ 

3.2. Examples of Dg^^ type. We first spell out explicitly Theorem 12.81 and 
Corollary 12.91 for p = 3. 

Theorem 3.7. Let ai, 02, (T3, t\, T2, G G distinct; denote ((T, r) = 
((Tl, (T2, (T3, Tl, r2, r3). Let p = (p, V) G G"^ . We assume that 

(HI) ((t,t) is of type Vf, 

(H2) ((T, r) C 0, with g G G such that g> ai = ti, 
(H3) q^^ai = -1, 
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(H4) there exist v,w G V — such that, 

(3.21) p{g~^aig)w = -w, 

(3.22) p{n)v = -V, 

T/ien dim <B(0,p) = oo. □ 

Corollary 3.8. Let cti, a2, cs € distinct. Assume that there exists k, 
1 < k < |(Ti|, such that ai 7^ cJi and erf G 0. Let p = {p,V) e C^i. Assume 
further that 

(1) (o-i)i<i<3 is of type D3, 

(2) gaiai = -1- 

T/ien dim<B(0,p) = 00. □ 

Corollary 13.81 applies notably to a real conjugacy class of an element of 
order greater than 2. We list several applications for G = S^- 

Example 3.9. Let m > 6. Let he the conjugacy class of Em of type 
(l"i,2"2,... ,m"™), where 

• ni, 712 > 1 and 

• Uj > 1 for some j, 3 < j < m. 

Leta and p € S^. Then dim 53(0, p) = 00. 

Proof. By hypothesis, we can choose a = (1 2)(3 where /? fixes 1, 2 and 3. If 
go-cr 7^ —1, then dim*B(0,p) = 00, by Lemma [L3l Assume that qo-a = — 1- 
Now set 

x = (12), y=(13), z = (2 3), ai = a = xf3, a2 = y(3, a3:=zp. 



Clearly ((Tj)i<j<3 is of type 2)3, is real and \ai\ > 2. By Corollary | 
dim«B(0,p) = 00. □ 

In particular, let be the conjugacy class of of type (1, 2, m — 3), with 
m > 6. By the preceding, dim 53(0, p) = 00. But, if (/o-o- = —1, then M{0,p) 
has negative braiding; that is, it is not possible to decide if the dimension 
of 53(0, p) is infinite via abelian subracks. See |F2j for details. 



Example 3.10. Let m > 6. Let a e of type (l"i, 2"^, . . . , m"™), the 
conjugacy class of a and p G S^^. Assume that 

• there exists j, 1 < j < m, such that j = 2k, with k >2 and nj > 3. 

Then dim53(0,p) = 00. 
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Proof. If (7o-(7 / —1, then dim!B(0,p) = oo, by Lemma [1.31 Assume that 
Qaa = -1- Let 

Oil = {hi2 ■■■ ij), oi2 = {ij+i ij+2 ■ ■ ■ «2j), as = («2j+l *2j+2 • • • «3j), 

be three j-cycles appearmg in the decomposition of a as product of disjoint 
cycles and define 

I = (n ^3 ^5 • • • ^3j-i), Bi = {ii ij+i){i2 ij+2) ■ ■ ■ {ij i2j), 
P = (i2«4«6 • • • isj), B2 = {ij+i i2j+i){ij+2 i2j+2) ■ ■ ■ {i2j isj)- 

Then 

(a) I and P are disjoint 3/c-cycles, 

(b) I'^P'^ = B1B2, 

(c) aia2a'sla^^ a^^ = P, (and then ala~^ = P), 

(d) P^aP'' = aBiB2, and 

(e) P"VP~'^ = 0-^2^1 • 

The first item is clear. To see (b), note that 

B1B2 = {ii ij+i i2j+i){i2 ij+2 i2j+2) ■ ■ ■ {ij i2j isj)- 

(c) follows as in the proof of Lemma 12.111 (c). (d). By (b) and (c), we 
have that a^^P'^aP^ = I^P'' = B1B2, as claimed, (e). By (b) and (c), 
^-ip-fc^p-fc ^ j-fcp-fc ^ ^2^1 as claimed. 

Set now fJi := a, 02 := P'^crP"'^ and (T3 := P'^aP'^ . As in the proof 
of Example 1 2 . 1 1 we can see that fii, (T2 and (T3 are distinct. We check that 
(c"i)i<j<3 is of type 2)3 using Remark |3.2[ 

By (d), P'^aP'^ G S^, i. e. P^(TP^aP-^a~^P-^ = a, or aP^aP~^a~^ = 
P~^a'P^ . That is, 0"iI>(T2 = <73. Analogously, cfiXt^ = 02 is proved using (e). 
To check that 02^(7^ = ai, note that a2>a3 = pk^-p-''p-''aP''P^a-'^P-'' = 
a, because P'^crP-^*^ = p'^aP'^P-^'' = aBiB2 € S^, by (a) and (d). 

We now apply Corollarv 13.81 and conclude that dim!B(0,/3) = 00. □ 

We shall need a few well-known results on symmetric groups. 

Remark 3.11. (i) If p is a faithful representation of S„, then p(r) ^ Cid, for 
every r 7^ id (since S„ is centerless). 

(ii) If /3 = {p,W) G §n, with p / sgn, then for any involution r G S„ 
(i. e., = id), there exists w £ W — such that p{t)w = w (otherwise 
p{t) = -id). 

Example 3.12. Let m>6. Let a e S,„ of type (l"i,2"2, . . . ,771"™), the 
conjugacy class of a and p £ S^. Assume that 
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• 712 > 3 o,nd 

• there exists j, with j > 3, such that rij > 1. 
Then dim 53(0, p) = oo. 

Proof. By Lemma [1.31 '^^ may suppose that q^a = —1- Assume that (ii i2), 
{is u) and (is ig) are three transpositions appearing in the decomposition of 
cr as a product of disjoint cycles. We define 

X := (ii i2){iz H){k k), V ■= (h k){i3 ^s), z := (n i6)(«2 ^3)(«4 ^s) 

and a := xa. It is easy to see, using for instance Proposition 13.31 that 

cji := a, (T2 := ya, as := za, 

is of type D3. Then dim 55(0, p) = 00, by Corollary 13.81 Indeed, G 0, 
but (T 7^ a^^ because a has order > 2. □ 

In the proof of the next Example, we need some notation for the induced 
representation. Let H hea subgroup of a finite group G of index k, . . . ,(pi^ 
the left cosets of H in G, with representatives gtp^ , ■ ■ ■ , g(|,^. ■ Let 9 = {6, W) € 
H, and wi, . . . Wr a basis of W. Set V ■.=span-{gtf).Wj 1 1 < i < /c, 1 < j < r}. 
For i, j, with 1 < i < k, 1 < j < r we define p : G ^ Aut(y) by 

(3.23) p{g){g^^Wj) = g^fi{h)wj, where gg^^ = g^^h, with he H. 

Thus p = (p, V) is a representation of G and deg p = [G : H] deg 6*. 

Example 3.13. Lei m > 12. Let a £ §rn of type (l"i , 2"2, . . . , m"™), i/ie 
conjugacy class of a and p E S^ . i/n2 > 6, i/ien dim*B(0,p) = 00. 

Proof. By Lemma 11.31 we may suppose that q^a = — 1- We denote the 712 
transpositions appearing in the decomposition of a as product of disjoint 
cycles by ^41^2, ■ ■ ■ , ^n2,2 and we define A2 = A\^2 ■ • • ^n2,2- Let us suppose 
that Ai^2 = {ii 12), ^2,2 = (is u), ^3,2 = (^5 k), ^4,2 = («7 k), M,2 = («9 no) 
and Aq^2 = {iiih2)- We define x := (ii i2)(«3 «4)(«5 «6)(«7 «8)(«9 no)(ni ^2) 
and a := xa. 

If there exists j, with j > 3, such that nj > 1, then the result follows 
from Example 13. 121 Assume that iij = 0, for every j > 3, i. e. the type of a 
is (l"i, 2"2). The centralizer of a in Sm is §^ = Ti x r2, with Ti ~ S„, and 
r2 = r X A, with 

r := (^1,2, • • • , An2,2), A := (i?l,2, • • • , Bn2~l,2)- 

Here Bi^2 ■= («2/-i «2/+i)(«2/ ^2/4-2), for 1 < / < n2 - 1- Note that F ~ 
(Z/2)"2 and A ~ S^^- Now, p = p^ (g) p2, with pi = {pi,Vi) G T\ and 

P2 = iP2,V2) e r2. 
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For every t, 1 < t < n2, we define Xt € T, by xt(^«,2) = (-l)^'-S 1 < ^ < 
n2 ■ Then, the irreducible representations of T are 

Xh,...,tj ■■= Xh--- Xtj, < J <n2, I <ti < ■■■ <tj <n2. 

The case J = corresponds to the trivial representation of T. 

For every J, with < J < n2, we denote X{J) '■= Xi,...,J- The action of A 
on r induces a natural action of A on F, namely (A-x)(^z,2) '■= x{^~^^i,2^)^ 
1 < / < 722, A G A. The orbit and the isotropy subgroup of X(j) € F are 

(3.24) 0^(^, = {Xk^,...,kj : 1 < fci < • • • < fcj < ns}, 

(3.25) AX('^) = (A^('^))i X (A^(^))2 

= (Si,2, . . . , -Bj-1,2) X (-Bj+1,2, . . . , -B„2„l,2) ~ Sj X S„2-J- 

Thus, the characters < J < n, form a complete set of representatives 
of the orbits in F under the action of A. 

Since /92 G F xi A, we have that p2 = Ind^^^X(j) X(j) ® with X(j) as 
above and fi = {fi, W) G A^ - see [H Section 8.2]. By ([3T25|) . fi = fii^ ^2, 
with = (w,W^O G (A^)h / = 1, 2. Let {(/.I = A^(J\...,cl)k} the left 
cosets of A^(J) in A, where A; = [A : A'^(-^)] = j^^^^. 

Note that 



^1,2 = (k «3)(«2 ^4), -63,2 = («5 «7)(^6 ^s) and ^5,2 = («9 ni)(no iu)- 

We define i? := i?i, 2-63^2-65, 2- Notice that the order of B is 2. 

Since q^a = — then J is odd. We will consider two cases. 

CASE (1): assume that J < 5. Then, B A^(-^). This implies that 
the left coset (p of A^'--'') in A containing B is not the trivial coset 0i. We 
choose as representatives of the cosets (pi and (f) to g^-^ = id and = B, 
respectively. We define V2 := gcfuW + g^fiW, with w G — 0. Notice that 
Bg(f>i = 5(/)id and = g^f,^ id. Using (I3.23p . we have that 

P2{B)V2 = p2{B){g^^w) + p2{B){g^w) 

(3.26) 

= g^p{\d)w + g^j/i(id)i(; = ff.^'u; + g<piW = V2. 
Let u := ui f2, with G Vi — 0. Then, 



(3.27) 

p{B)v = (pi (g) /02)(id, i?)(ui ig V2) = /3i(id)vi (g) p2{B)v2 = vi®V2 = v, 
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by ([326]). We define ai := cj, 

(^2 ■= {k ^6)(«3 ^8)(«5 «10)(«7 n2)(«9 «2)(«11 u)a, 
era := {h ko){i3 n2)(«5 ^2)(^7 «4)(«9 «6)(«11 «8)a, 
Ti := (ii u)ii3 i2){ib i8)(«7 ^6)(^9 n2)(ni no)a, 
T2 := (ii is)^ «6)(«5 n2)(i7 no)(«9 i4)(ni «2)a, 
T3 := (n n2)fe no)(«5 «2)(«9 i8)(ni ^e)"- 

We can check by straightforward computations that (cr, r) is of type Dg . 
Let g := {12 24) (ie ^8) (^10 ^12); thus, g > a = ti. Moreover, ti = aB = gag 
and a2T2 = B = g (72^2 9- Then, 

p{ti)v = -V = p{gaig)v, 

by (|3.27|) . Therefore, dim5S(0,p) = 00, by Theorem 13. 7[ 

CASE (2): assume that J > 7. Then, B € A^(-''; moreover, B £ 
{A^(J))i. Also, Bg^,=g^,B. 

Let V2 = g,piW, with w € — 0. Since W = W\ ® W2, we may assume 
that w = Wi (gi 71)2, with wi € Wi — and W2 S W2 — 0. Then, using (|3.23|) . 

P2{B)v2 = p2{B){g^^w) = g^^p{B)w = g^^{pi ® p2)iB,[d){wi W2) 

= 9<t>i ® ^2(id)(ty2)) = ffflii ® W2) • 

Notice that pi G (A^^i. Since (AX(J))i ~ Sj, if 7^ sgn, with sgn 
the sign representation of §j, then there exists wi € Wi — such that 
pi{B){wi) =wi, by Remark 13.111 (ii). In this case, we have 

(3.28) P2{B)v2 = g^^{pi{B){wi) W2) = g^^{wi W2) = g<f>^w = V2. 

Taking v := vi ®V2, with ui G Vi — 0, we have 

p{B)v = (pi (g) /02)(id, B){vi V2) = pi(\(l)vi ® P2{B)V2 = Vi®V2 = V, 

by (j3.28p . Considering o-j, Tj, 1 < i < 3, as in the previous case, the 
hypothesis of Coroharv 13.81 hold. Therefore, dim 55(0, /o) = 00. 

On the other hand, let us suppose that pi = sgn. Let w G W , with 
w = wi ® W2, wi £ Wi — and W2 G W2 — 0. Let V2 = fi'^iU'; since 
pi{B){wi) = —wi, we have p2{B)v2 = — f2- Choosing v := vi V2, with 
ui G Vi — 0, we have that 

(3.29) 

p{B)v = {pi (g) P2)(id, B){vi (g) V2) = pi(id)fi (g) p2{B)v2 = -vi (g f 2 = -w. 
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We define ai := a 



o^:= {h i6){H «7)fe no)(«8 iii){i2 ^9)(«3 ii2)a, 

0^-= {h no)(M ni)(«2 «5)fe «8)(«6 «9)(«7 ^2)0, 

n := (n «3)(«2 ^4)fe «7)(^6 i8)(i9 ^ll)(no ^2)", 

7^:= i7)(i2 ii2)(«3 *9)(^4 «6)(^5 ni)(^8 ^lo)", 

7^:= [i-^ iu){i2 is)^ i5)(«4 ^io)(ii6 n2)(^7 ^g)"- 



It can be shown that (ct, r) is of type D3 . Let now g = (12 i3){i6 «7)(iio ^11); 
then, g > a = Ti. Furthermore, Ti = B = ga'g and 02 = aB = 302 7^5. 
Then 

p{tI)v = -V = p{gag)v and p{a^T^)v = v = p{ga^T^g)v, 



A way to obtain a family of type 2)3 is to start from a monomorphism 
p : §3 — > G and to consider the image by p of the transpositions. Another 
way is as follows. 

Remarks 3.14. Let G be a finite group and z G Z{G). 

(i) . Let (o-i)jgz/3 be of type 'D3. Then {zai)i(zz/'i is also of type Da. 

(ii) . Let (o-,r) = {ai)i^ii^ U (ri)jga/3 be a family of type T)\ ' . Then 

(2) 

(zcr, zr) = (zcri)igz/3 U (2;ri)igz/3 is also a family of type ' . 
Here is a combination of these two ways. 

Example 3.15. Let p be a prime number and q = p^ , m G N, such that 3 
divides q — 1. Let a; G Fg be a primitive third root of 1. 

(0 w 1 
2,- r. \> is a family of type 
uj c / 

D3 in GL(2,Fg). If c = —1, then this is a family of type 1)3 in SL(2,Fg). 
The orbit of pi is the set of matrices with minimal polynomial — c. 

(ii). Let N > 3 be an integer and let T be the subgroup of diagonal 
matrices in GL(iV,Fg). Let A = diag(Ai, A2, • • • , Atv) G T. Let be the 
conjugacy class of X. Assume that Ai = — A2 and let c = Af. Assume also 
that there exist i,j, with 3 < i,j < N such that Aj 7^ A^; say i = 3, j = A, 
for simplicity of the exposition. Then (crj)igz/3 U ('^«)iGZ/3; where 



by (I3.29p . Therefore, dim 55(0, p) = 00, by Theorem 13. 71 



□ 




is a family of type D3 in the orbit C GL(A^, Fg). 
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Let W = Sat act on T in the natural way. Let x ■ G'L{N,¥q) be a 

character; it restricts to an irreducible representation (x, C) of the centralizer 
GJj{N,¥q)'^° . Fix a group isomorphism 99 : — s- Gq_i C C^, where Gg-i 

is the group of {q — l)-th roots of 1 in C. Recall that % = (p{det^) for some 
integer h. Thus the restriction of x to T is W-invariant. 

Proposition 3.16. Keep the notation above. Assume that xW = ~1- 
Then the dimension of the Nichols algebra *B(0,x) is infinite. 

Proof. The result follows from Theorem 13. 7[ Indeed, hypothesis (HI) and 

/id2 \ 
1 



(H2) clearly hold. The matrix g 



is an involution 



10 

V idAr„4/ 

that satisfies g > aQ = tq. Because of the explicit form of X; xi^o) = ~1 = 
x(ro), hence (H3) and (H4) hold. □ 

This example can be adapted to the setting of semisimple orbits in finite 
groups of Lie type. 

4. A TECHNIQUE FROM THE SYMMETRIC GROUP S4 

The classification of the finite-dimensional Nichols algebras over S4, given 
in |AHSj . relies on the fact (proved in loc. cit.) that some Nichols algebras 
'^iy'i ®Vj) have infinite dimension. According to the general strategy pro- 
posed in the present paper, each of these pairs (Vi, V,) gives rise to a rack 
and a cocycle, and to a technique to discard Nichols algebras over other 
groups. Here we study one of these possibilities, and leave the others for a 
future publication. 

The octahedral rack is the rack X = {1, 2, 3, 4, 5, 6} given by the vertices 
of the octahedron with the operation of rack given by the "right-hand rule" , 
i. e. if Tj is the orthogonal linear map that fixes i and rotates the orthogonal 
plane by an angle of 7r/2 with the right-hand rule (pointing the thumb to 



z), then we define > 


■ X X X ^ Xhy i\>j :-- 


-W) 


- see 


Fig 


ure dJ 




Explicitly, 




















lol = 1, 


2ol 


= 3, 


3o 1 = 4, 


4ol 


= 5, 


501 


= 2 


60 1 


= 1, 


li>2 = 5, 


2o2 


= 2, 


3o2 = 1, 


4o2 


= 2, 


5o2 


= 6 


602 


= 3, 


10 3 = 2, 


2o3 


= 6, 


3o3 = 3, 


4o3 


= 1, 


5o3 


= 3 


6o3 


= 4, 


lc>4 = 3, 


2o4 


= 4, 


3o4 = 6, 


4o4 


= 4, 


5o4 


= 1 


6o4 


= 5, 


10 5 = 4, 


2o5 


= 1, 


3o5 = 5, 


4o5 


= 6, 


5o5 


= 5 


6o5 


= 2, 


106 = 6, 


206 


= 5, 


3o6 = 2, 


4o6 


= 3, 


5o6 


= 4 


606 


= 6. 



Let G be a finite group, cri, (T2, (T3, (T4, (T5, fie S G distinct elements and 
the conjugacy class of ai in G. 
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Figure 1 . Octahedral rack. 

Definition 4.1. We will say that (cTj)i<j<6 is of type D if the following holds 

ai>aj = ai^j, 1 < i,i < 6. 

Here and in the rest of this section, > in the suhindex is the operation of 
rack in the octahedral rack. In other words, (o"j)i<j<6 is of type D if and 
only if {(Tj 1 1 < i < 6} is isomorphic to the octahedral rack via i i— > Uj. 

Example 4.2. Let m > 4. Let us consider in ihe following 4-cycles 

5i = (1234), 3^2 = (1243), 53 = (1324), 

(4.1) 

0^4 = (1342), 5^5 = (1423), a6 = (1432). 

It is easy to see that (cri)i<j<6 satisfy the relations given in the previous 
definition. Thus, (cri)i<i<6 is of type O. 

Let X- S be given by X-(l 2 3 4) = —1. The goal of this Section is to 
apply the next result, cf. |AHS1 Theor. 4.7]. 

Theorem 4.3. The Nichols algebra <B {M{(Dj,x-) ® M{(Dj,x~)) has infi- 
nite dimension. □ 

Remark 4.4. We note that M(0|,x-) eM(0^,x-) ^ (CI", q) as braided 
vector spaces, where 

, Y = {xi,yj I 1 < i,j < 6} ~ see Definition [Ml 

• q is the constant cocycle q = — 1. 

Proof. We define 

5i := (12 34) =:ri, ^2 := (1 2 43) =: ?2, S^s := (1 3 2 4) =: fg, 
5^4 := (134 2) =:?4, := (1 4 2 3) =: ?5, ?6 := (1 43 2) =: fg. 
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We will denote by (cj)i<j<6 (resp. (Tj)i<j<6) the first copy (resp. the second 
copy) of 0|, with system of left cosets representatives of S^^^^^"* given by 

9i =97 = ^1, 92 = 98 = ^5, 93 = 99 = 5^2, 9a = 910 = ^3, 95 = 911 = 5^4, 
96 = 912 = ^^1- The map M(0|, X-) e M(0|, X-) ^ {CY, q) given by 

gi Xi and ^j+g ^ Vi, 1 < i < 6, 

is an isomorphism of braided vector spaces. □ 

Proposition 4.5. A family (o"j)i<j<e of distinct elements in G is of type D 
if and only if the following identities hold: 

(4.2) 

(Ti [> CJ2 = (75, (Ti l> £73 = (T2, CriOcr4 = (J3, cj]^ C> CJ5 = 174, CriC>(T6=Cr6, 

(4.3) 

(72 > <7i = (73, <T2 l> (73 = (76, CJ2 (74 = (74, (72t>(75 = (7i, (72>(76 =(75. 



Proof. If we apply (7i > to the relations in ()4.3p , then we obtain the 

relations (75 > o"j = (J^^-j, 1 < j < 6, because (7i t> (72 = (75 . Analogously, we 
obtain the relations ai t> crj = CTjoj, 1 < j < 6, for « = 3, 4; and the relations 
(76 l>(7j = (76>j, 1 < J < 6, follow by applying 0-5 > to the ones in (j4.3p . □ 

Lemma 4.6. If {(Ti)i<i<Q is of type D, t/ien 

4 4 4 4 4 4 
(1) a^= a^= a^= a^ = a^= a^, 

(ii) (71(76 = C72Cr4 = (73(75, 

(hi) (7|af = a?c76 = afai, 
(iv) alal = aial = a^aj. 

Proof, (i). Since (7j > ((7j > ((7j(c>((7j i>(7j)))) = aj, then (7^ e , 1 < ^, J < 6. 
Hence (7f = ((73(72(7^"^)^ = (73(720";^^ = (7^, and the rest is similar, (ii). By 
Definition l4.lt we see that 

<730"5 = <73(7l(72(Tf ^ = (73(72(75(J^^(72(7j~^ = CT2(7i(75(jf"^ = (72(74, 
C^S^S = (73(720-6(72'"'^ = (73(76(75CJg' ^6(72^"'^ = (76(72(75(72'^ = (76(7i. 

Then, (7i(T6 = (72cr4 = (73(75, as claimed. 

(iii) . By (ii), we have that 

o"2<^i = o-2(75(7icj5 = (T5CJi(7i(75 = (75(7i(74(7i = a^a^af = aia^af = afaQ. 

Then, (72(75 = afa^. We apply di > (di > (di )) to the last expression and 

we have o"|(j| = afaQ. 

(iv) follows from (iii) applying (J2 t> ((T2 i> ) . □ 
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Definition 4.7. Let (7%, Ti £ G, 1 < i < 6, all distinct. We say tiiat (cr, r) 
is of type D^"^^ if (cTj)i<j<6 and (7"j)i<j<6 are both of type D, and 

(4.4) <Tj > Tj = Ti^j, Ti > aj = fTj|>j, I <i,j <6. 



Lemma 4.8. // {a, r) is of type D^'^\ then 



(i) 


aiTQ = (Ten = (T2T4 = 


(T4T2 = (T3T5 = C75T3 


(ii) 


crJ^Tj = crfVi, 2 <j 


<6, 


(iii) 


T^'^cr^T^ = rfVe, 




(iv) 






(v) 


0-2'^a5T5 = erf ^TiCTg, 










(vi) 






Proof. 


(i). First, 





(4.5) 

fJiTe = (Ti 0-2X3(72'"'^ = T3(T2r3~^ T3Cr6r3~^ ''"30"2^^ = ^3 0-20-60"2'^ = T30'5 = TsTa. 

Applying now (T2 i> to (|4.5|) we get a^r^ = rgcji. Applying cj2 i> to this 

last identity, we have a^Ti = t^c-s. The rest is similar. 

(ii) . By (i) and Lemma HT6l (ii) for (Ti)i<j<g, we have that 

The other relations can be obtained in an analogous way. 

(iii) . It is easy to see that 

-2 -4 -4 -4 

^2 Cr5T5=T2 T2r2r5<T5 = r^ T2T5Ti(T5 = r^ T^TiTia^ 

(iv) follows from (iii) applying (T2 > (o"2 > ) . 

(v) . Clearly, 

O'^^CSTs = 0-2^0-2(J20'5T5 = 0"r'*'^20'5CJiT5 = O^'^ a^a\a\T^ = O^'^ a^a\Tt^G\ 
-4 -4 -1 -2 

(vi) follows from (v) applying 02 i> (o"2 ■> ) • D 

4.1. Applications. Let G be a finite group, a conjugacy class of G. Let 
(o"i)i<i<6 C be of type D. We define 

(4.6) gx := ai, 52 := 0-5, 53 := cr2, 54 := 0-3, 55 := 0-4, 56 := o-io"!; 
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then, (Ji = gi> ai, 1 < i < 6. It is easy to see that following relations hold 



/Ti n-i 


— n-i tT-i 


'-' 152 


— ys'^i. 


'-'193 


— 52^1, 


<^2i/l 


— 53" li 




— 52^1, 


/To /7o 
0253 


rir- /T 

— 56'^i , 




= 54(71, 


0-352 


= 5l(T6, 


0-353 


= 530-1, 




= 55 0-1, 


0-452 


= 52O-6, 


0-453 


= 51 0-6, 


(^591 


= 520-1, 


0-552 


= 560^1 0-6, 


0-553 


= 53O-6, 




= 510-6, 


0-652 


= 53O-6, 


0-653 


= 54O-6, 


(^194 


= 530-1, 


0-155 


= 54 0-1, 


0-156 


= 560-6, 


0-254 


= 540-6, 


0-255 


= 510-6, 


0-256 


= 550-i, 


(^394 


= 560-6'\ 


0-355 


= 55 0-6, 


0-356 


= 520-?, 




= 54 0-1, 


0-455 


= 560-io-g"2, 


0-456 


= 530-?0-6 


0-554 


= 510-6, 


0-555 


= 550-1, 


0-556 


= 54O-1O-I 


0-654 


= 55 0-6, 


cr695 


= 520-6, 




= 560-1. 



Let p = (p, V) € G°"i and v G V — 0. Assume that v is an eigenvector of 
p{aQ) with eigenvalue A. We define W := span- {giV 1 1 < i < 6}. Then, W 
is a braided vector subspace of M{0,p). 

Lemma 4.9. Let (o-.j)i<j<6, (5i)i<j<6) (/o, ^) ^ G"^^ , W, A as above. Assume 
that (/ctio-i = a = —1. Then W ~ M(0|, x-) as braided vector spaces. 

Proof. Since Qaiai = —1 we have that p{crf) = id, 1 < i < 6, from Lemma 
(|4.6p (i). Let fjj be as in (j4.ip . If we choose 

51 = 0^1, 52 = 0^5, 53 = 0^2, 54 = 0^3, 55 = 0^4, 56 = 52^1, 

then gi >ai = Ui, I < i < 6. Thus, M(0|,x-) = span-j^jfo, | 1 < « < 6}, 
with vq G Vq — 0, where Vq is the vector space affording the representation x- 
of §4^^^^^ Now, the map W M{Of,x-) given by giV i—t giVQ, 1 < i < 6, 
is an isomorphism of braided vector spaces. □ 

The next lemma is needed for the main result of the section. 

Lemma 4.10. Let ai, Tj, 1 < i < 6, be distinct elements inG, a conjugacy 
class of G. Assume that (o-, r) is of type 0^'^\ with g €z G such that 
g> (Ti = Ti . Let 





51 


:= 0-1, 


52 


:= 0-5, 


53 


:= 0-2, 


54 


:= 0-3, 


(4.7) 


55 


:= 0-4, 


56 


.= O-2O-1, 


57 


:= 50-1, 


58 


:= T-55, 




59 


:= T25, 


510 


:= T35, 


511 


:= 7-45, 


512 


:= TI50-1 
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Then, the following relations hold: 



ngr 


= 570-1, 




= ffiio-1. 




= 6'80-i, 


T2g7 


= 590"!, 




= 980-1, 


7-259 


= 5120-f \ 


Tsgr 


= 5100"!, 


rsgs 


= grg'^Teg, 


7-359 


= 590-1, 


T^gi 


= S'lio-i, 


rm 


= gsg^^rag, 


•7-459 


= gig^^reg, 


ngi 


= 580-1, 




= 9120-^^51^^65, 


7-559 


= ggg^^reg, 


Tegr 


= g7g~^Teg, 


T698 


= gsig'^Tfsg, 


7-659 


= 5io5~^T65 



Tl5l0 


= 59O-I, 


7"l5ll 


= 5IOO-I, 


7-1512 


= 5i25~^T-65, 


7-2510 


= gwg'^Teg, 


7-2511 


= gjg'^TQg, 


7-2512 


= 511 (5" ^-^65)^, 


7-3510 


= 5i2(5~^T65)~S 


7-3511 


= giig~^TQg, 


7-3512 


= 580-f , 


7-4510 


= 510O-1, 


7-4511 


= 5i20-i(5~V65)~^, 


7-4512 


= 590-i5~^7-65, 


7-5510 


= gjg'^TQg, 


7-5511 


= 5110-1, 


7-5512 


= 5ioo-i(5~^7-65)^ 


7-6510 


= 5ii5~^T65, 


7-6511 


= gsg^^T^g, 


7-6512 


= 5120-1, 



0-157 


= 575" 


^cri5, 


0-158 


= 5ii5~Vi5, 


0-159 


= 585"Vi5, 


0-257 


= 595" 


^0-15, 


0-258 


= 585" Vi5, 


0-259 


= 5i20-[^^(5"Vi5) 


0-357 


= 5105 


"^0-15, 


0-358 


= 575"V65, 


0-359 


= 595"Vi5, 


0-457 


= 5115 


"^0-15, 


0-458 


= 585~^o-65, 


0-459 


= 575"V65, 


0-557 


= 585" 


^0-15, 


0-558 


= 5120-f ^5""^o-65, 


0-559 


= 595"^o-65, 


0-657 


= 575" 


^0-65, 


0-658 


= 595"^o-65, 


0-659 


= 5io5~^o-65, 



0-1510 


= 595""^ 0-15, 


0-1511 


= 5105""^ 0-15, 


0-1512 


= 5i25"^o-65, 


0-2510 


= 5io5~^o-65, 


0-2511 


= 575~^o-65, 


0-2512 


= 51172,12, 


0-3510 


= 51273,10, 


0-3511 


= 5115""^ 0-65, 


0-3512 


= 580-?(5"^o-i5) 


0-4510 


= 5io5"^o-i5, 


0-4511 


= 51274,11' 


0-4512 


= 590-?5"^o-65, 


0-5510 


= 575""^ 0-65, 


0-5511 


= 5ii5~^o-i5, 


0-5512 


= 51075,12, 


O-6510 


= 5ii5~^o-65, 


0-6511 


= 585~^o-65, 


0-6512 


= 5i25"^o-i5, 



where 72,12 = crjig V15) ^{g ^a^gf, 73,10 = 0-^^(5 ^15)^(5 ^55) 
74,11 = o-]"^(5"Vi5)^(5~V65)"^ and 75,12 = (yl{g~^crig)~^{g~^a&g)'^ , 
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= 


ng2 = 55 Ti, 


7"l53 = 


= 527-1, 


T25'l 


= 5'3n, 


T"252 = 52T1, 


7-253 = 


= 560-r^'^l' 




= 54-7"!, 


7"352 = 5lT6, 


7-353 = 


= 537"1, 


T451 


= 55n, 


7452 = 527-6, 


7"453 = 


= 517-6, 


T551 


= 52T1, 


7-552 = 560-r^'^6, 


7-553 = 


= 537-6, 


T65'l 


= 51 "^6, 


7-652 = 537-6, 


7-653 = 


= 54 T6, 


rig A = 


537"!, 


7-155 = 54 Tl, 


7"l56 


= 567-6, 


T"25'4 = 


547-6, 


7-255 = 517-6, 


•7-256 


= 55'7?TiO-6 


T35'4 = 


gfiCTi^'Tia'^^, 


7-355 =557-6, 


7-356 


= 520-1 Tl, 


r45'4 = 


g^Ti, 


7"455 = g&TlO^'^, 


7-456 


= 530-iriCT6 


T"55'4 = 


giTQ, 


7-555 = 557"1, 


7-556 


= 547-10-0, 


T65'4 = 


gbTQ, 


7-655 = 52T6, 


7-656 


= 567-1- 



Proof. The proof follows by straightforward computations, Lemma 14.61 for 
a and r, and Lemma 14.81 □ 

Here is the main result of this section. 

Theorem 4.11. Let o-j, Tj G G, 1 < i < 6, distinct elements in G, a 
conjugacy class of G and p = (p, V) € G^^ . Let us suppose that 
(HI) (fj,T) is of type D^^), 

(H2) (fj, t) Q 0, with g (z G such that g> (Ti = ti, 

(H3) q^^ai = -1, 
there exists v — such that 

(H4) p{a6)v = -V, 

(H5) p{ti)v = -V, 
and there exists w — ^ such that 

(H6) p{g~^aig)w = -w, 

(H7) p{g-^a6g)w = -w, 
Then dim 53 (O,/?) = 00. 

Proof. Let gj & G , I < j < 12, as in (fiTl) . Then, g^ > fxi = cTj, 1 < j < 6, 
and gj ixTi = Tj-6, 7 < j < 12. By Lemma 14.101 we have that 

(a) if 1 < J < 6, then g^^jCTigj = o-[(Tg, with r + s odd, 

(b) if 7 < i, j < 12, then gr}-Ti-Qgj = (7l{g~^TQgy, with r + s odd, 
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(c) if 1 < i < 6 and 7 < i < 12, then g~](Jigj = alig-^aigYig-^aegY, 
with r + s + t odd, 

(d) if 1 < i < 6 and 7 < i < 12, then g~^-Ti-.Qgj = cr^rf cjg, with r + s + t 
odd, because tq = a^'^TiUQ. 

Let W := span-{5fji;, | 1 < i < 6} and W := span-j^ju;, | 7 < i < 12}, 
with w E y — 0, where satisfies (H4)-(H5) and w satisfies (H6)-(H7). 
Then, W and W' are braided vector subspaces of M{0,p). We will prove 
that 

WOW'c^ M{(Di, X-) e M(Ot X-), 

as braided vector spaces. Hence dim!B(VK© VK') = oo, by Theorem 14.31 and 
the result follows from Lemma ll.2[ 

By Remark 14.41 we only need to see that the isomorphism of linear vector 
spaces W ®W' ^ M{0\, x-) © M{0\, x-) given by 

giV ^ Tji and gi+QW ^ gi+e 1 < i < 6, 

respects the braiding, and this is just a matter of the cocycle. For this, we 
compute explicitly the braiding in the basis {giV, gj^Qiv, | 1 < j < 6} of 
W@W'. 

By (a), (H3) and (H4), if 1 < i, j < 6, then 

c{giv (g) gjv) = git>jp{gi^jCrigj){v) ® giV = -gi^jV (g) giV. 

From LemmalMl(i), re = afVicie. Thus, g~^Teg = {g^^(7ig)~^(Ti{g^'^aQg). 
By (b), (H3), (H6) and (H7), if 7 < i, j < 12, then 

c{giw ® gjw) = git>jp{gg]Ti^egj){w) giW = -ga^jW ® giW. 

By (c), (H3), (H6) and (H7), if 1 < z < 6 and 7 < j < 12, then 

c{giV (g) gjw) = gii,jp{glJ-(Jigj){w) (g giV = -gi^jW (g giV. 

By (d), (H3), (H4) and (H5), if 1 < j < 6 and 7 < i < 12, then 

c{giW g) gjv) = git,jp{gYf}jTi^Qgj)(v) (g) giW = -gi^jV ® giw. 

This completes the proof. □ 

As an immediate consequence we have the following result. 

Corollary 4.12. Let cTi, Ti ^ G, 1 <i <Q all distinct, a conjugacy class 
of G and p = {p,V) G G'^^ with q^-^ai = —1- Assume that (fx, r) is of 
type D^^\ If o'Q = af andri = af for some e G Z, then dim 53(0, = oo. 
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Proof. Note that d and e are odd, since they are relatively prime with \(Ti\. 
Hence the hypothesis (H4) and (H5) hold. Now g~^aig = uf'^' ^. Then 
p{g~^crig) = — id and (H6) holds. The proof of (H7) is similar. □ 



Example 4.13. Let m>8. Let a e of type (l*^!, 2"2, S"^), with ns > 1, 
the conjugacy class of a and p G Then dim*B(0,p) = oo. 

Proof. By Lemma II. 3| we may suppose that (^g-o- = —1- If 't-s ^ 3, then 
dim 53(0, p) = oo, from Corollary 13.101 We consider two cases. 

CASE (I): ug = 1. Let Ag = (ii i2 is ii i^ ie ij is) the 8-cycle appearing 
in the decomposition of a as product of disjoint cycles. We set a := (J A^^ 
and define cJi := a, erg := erf, ti := cjf, rg := crj"^, 



o"2 := {h h is k h k h) «, 0-3 
CT4 := (ii ie u h h «2 ^8 n) c^s 
T2 := (ii ij is 12 k h U k) T3 

T4 := (ii 12 U ^7 ^5 «6 ^8 k) «, T5 

C^5E (II): ns = 2. Let 

^1,8 = {k k k k k k k k) and ^2,8 = {k ko ki k2 ks ki kb k&) 
the two 8-cycles appearing in the decomposition of a as product of disjoint 



(ii is k k k k k k) ol, 
ik k k k k k k ii) a, 
(ii ^4 i2 i-s is is ie k) a, 
(ii is ie i4 is i? i2 i8) a- 



cycles. We call Ag 



2,8, a := 



cr Ag^ and define 0"i := a, := a 



1' 



Ti := CT^, re 

0-2 
0-3 
(J4 

0-5 

T2 
T3 
T4 
T5 



0" 



1 ' 



(ii i3 ^8 «6 i5 ij ii k){i9 in ii6 iu ii3 k5 k2 ko) a, 

(ii is i2 i7 is «4 ie «3)(i9 ne no ns n3 ^12 ii4 in) a, 

(ii ie i4 i3 «5 ^2 i8 i7)(«9 ^4 ii2 ill ii3 iio ii6 ns) 

(ii ij ie is is «3 «2 i4)(i9 ns n4 ii6 ii3 in iio iu) a, 

(ii ij is i2 is ^3 «4 i6)(«9 ns ne no n3 ni n2 ii4) «, 

(ii i4 i2 is is is ie n)(i9 ^12 no ni n3 ne n4 ns)a, 

(ii i2 i4 i7 «s «6 «8 i3)(«9 no ii2 iis n3 n4 ii6 ni) a, 

(ii is ie i4 is n «2 i8)(i9 ni ii4 ii2 ii3 ns no ne) 



Li both cases, = af and ti = af and (o", r) C is of type D^'^\ Then 



the result follows from Corollary 14. 12[ 



□ 



Remarks 4.14. (i). The discussion in the preceding example can be adapted 



to a € S,„ of type (l"i,2'^ 



, m 



provided that ns > 1; but then some 



requirements on the representation p have to be imposed. 
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(ii) . Let N = 2^ with n > 4. It can be shown that the orbit of the 
A^-cycle in S^v contains no family of type D using Lemma l4.6[ 

(iii) . The orbit with label j = 4 of the Mathieu group M22 contains a 
family of type D^^^, and therefore this group admits no finite-dimensional 
pointed Hopf algebra except the group algebra itself |F1] . 

Acknowledgement. The authors are grateful to the referee for carefully 
reading the paper and for his/her comments. 
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